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ON UNCOUNTABLE A'-BESSEL AND A'-HILBERT SYSTEMS 
IN NONSEPARABLE BANACH SPACES 

MIGDAD I. ISMAILOV 


Abstract. The concepts of the uncountable A-Bessel and A-Hilbert 
systems in nonseparable Banach spaces are introduced in this work. The 
definition for uncountable unconditional basis is given and the criterion 
for uncountable unconditional basicity is found. Banach space of systems 
of scalars A is considered and the concepts of A'-Bessel and A'-Hilbert 
systems with respect to this space are introduced in nonseparable Ba¬ 
nach spaces. A'-Besselianness and A'-Hilbertianness criteria for a system 
are found. A'-Besselianness and A'-Hilbertianness of a system are studied 
in case where the space K is generated by an uncountable unconditional 
basis. Non-separable Banach spaces (R) and l p (R) (1 < p < +oo) 
are constructed. It is shown that in case p > 2 the system {e lat } a£R is 
/ p (A)-Besselian, and in case p < 2 it is i p (A)-Hilbertian in L^(R). 


1. Introduction 

The concept of frame has been probably introduced by R.J. Dufhn and A.C. 
Schaeffer in 1952 in [17] the study of non-harmonic Fourier series with respect 
to perturbed exponential systems. In this seminal work, Dufhn and Schaefer 
established some properties of exponential frames. In the same work, they in¬ 
troduced the concept of abstract frame in separable Hilbert space and extended 
some properties of frames consisting of perturbed exponential systems to this 
concept. The interest to frames has grown in the 1980s due to wide applications 
of wavelet methods in various fields of natural science. Standing at the crossroads 
of theory and practice, the wavelets are widely used in processing and encoding of 
signals and different kinds of images (satellite images, roentgenographies of inter¬ 
nal organs, etc), in pattern recognition, in the study of the properties of crystal 
surfaces and nano-objects, and in many other fields. For theoretical aspects of 
this direction we refer the readers to Ch. Chui [13], Y. Meyer [25], I. Daubechies 
[18], S. Mallat [25], R. Young [34], Ch. Heil [22], O. Christensen [14]-[16], etc. 

In subsequent years, the concept of frame has been generalized to various 
mathematical structures (for example, Banach frames, p-frames, etc) and new 
methods for establishing frames have been elaborated. One of these methods is 
a perturbation method. A lot of results have been obtained in this direction in 
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the context of classical Paley-Wiener theorem on perturbation of an orthonormal 
basis (for more details see O. Christensen [14]-[16] and Ch. Heil [22]). 

Frames in Banach spaces were first considered by K.H. Grochenig [21] in 1991. 
He introduced the concepts of atomic decomposition and Banach frame. It should 
be noted that, unlike Hilbert’s case, the definition of Banach frame does not, in 
general, provide the decomposition of arbitrary element of Banach space (or of 
arbitrary element of the closure of the linear span of the system under considera¬ 
tion). In special cases, such a decomposition exists. L ' p -case has been considered 
by A. Aldroubi, Q. Sun, W.-Sh. Tang in [1] where the concept of p-frame has 
been introduced and the atomic decomposition with regard to L p -subspaces in¬ 
variant with respect to the shift operator has been obtained. This idea has been 
extended to the general Banach case by Christensen O. and Stoeva D. T. [16]. 
Also, the concept of g-Riesz basis for a Banach space has been introduced in 
these works, which generalizes the one of Riesz basis introduced by N.K. Bari 
[13]. Note that similar results have been obtained in [3]-[5]. There are different 
generalizations of frames, and this research field has been continuously growing 
over the last years (see, e.g., [1], [T]-[10], [16], [19], [20], [23], [26]-[28]). 

Note that, in general, the case of non-separable space is not considered in the 
approximation theory due to objective reasons. The examples with non-separable 
spaces are mostly exotic. Meanwhile, from a purely theoretical point of view, it 
would be interesting to develop approximation theory to the case of non-separable 
space. But, to do so, of course you first have to define the corresponding concepts 
of the theory of Bessel-Hilbert systems and the theory of frames for the case of 
non-separable space, and then to extend the basic facts of these theories to non- 
separable case. Perhaps, this was first done in [11], [12], where the concept of 
uncountable Hilbert frame was defined and the basic provisions of the above 
theories were extended to non-separable case. 

In this work, we study the Besseliaimess and Hilbertianness of a minimal sys¬ 
tem in non-separable Banach spaces.The concept of uncountable unconditional 
basis and those of /L-Bessel and A"-Hilbert systems with respect to nonseparable 
Banach space of systems of scalars K are introduced. Criteria of uncountable un¬ 
conditional basicity, R-Besselianness and AT-Hilbertianness for systems are found, 
and the relationship between them is studied. Examples are given. 


2. Uncountable Unconditional Basis 
In Nonseparable Banach Spaces 

Let A be a nonseparable Banach space with the norm |j-|[ I be an uncount¬ 
able index set, 1° be a set of no-more-than countable subsets of I, Iq be a set of 
finite subsets of I, and {<p a } a( zi be some system in X. 

Definition 2.1. The system {<^ Q ,} Q , e j is called an uncountable unconditional 
basis in X if 

3!A = {A Q } ag/ : {a e I : X a / 0} G I a x = J2 a ei (unconditionally). 

Example 2.1. Let l p (I), 1 < p < +oo, be a set of systems of scalars A = {A Q ,} Qg/ 
such that co\ = {a G I : A Q / 0} G I a and Ylaeu A l^»| P < +oo. l p (I) is a Banach 
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space with the norm 

IIA|| = \K\ p j A = {K} aeI el p (l). 

\a£u}x ) 

Let 5 a p be the Kronecker symbol and 5 a = {5 a p}p eI - The system {5 a } ae j is 
an uncountable unconditional basis for l p (I). In fact, it is not difficult to show 
that for VA = {A a } ag/ 6 l p {I) there exists a unique representation in the form of 
unconditionally convergent series A = Yla&ux Aa<5«- 

Let’s state a criterion for uncountable unconditional basicity in nonseparable 
Banach spaces. 


Theorem 2.1. In order for the system {(p Q } a ^j to be an uncountable uncon¬ 
ditional basis in X, it is necessary and sufficient that the following conditions 
hold: 

1) the system {f a } a£l is complete in X; 

2) the system {<p a } a £i minimal in X; 


3)3M > 0 : VJ G Iq, Va; G X 


^2ip* a (x)ip a 

a£j 


< M\\x\\ x , 
x 


where {p* a } aeI a system biorthogonal to 


Proof. Necessity. Let {tp a } a£l form an uncountable unconditional basis for X. 
Then it is obvious that { <p a } a£ i is complete in X. Denote by K, f the set of 
systems of scalars A = {X a } a£ j such that {a £ / : A ft / 0} G I a and the series 
Ylaei AqVV is unconditionally convergent. It is clear that K v becomes a linear 
space with linear operations 


VA {Ao-I^gj , fj, V K<p,yk 

A + // {A q “I (y£j ? k\ {/lA cff • 

Let’s show that K p is a Banach space with the norm 


K = SUp 

V J6L 


^' A aPa 
a£j 


, A — {A Q } eJ G K. 


x 


Let’s first verify the axioms of norm. 1) It is clear that ||A||^ > 0, and if 


l|A|| 


K v 


sup 

Je/ 0 


^ ' A aPa 
a&J 


= 0 , 

x 


then Va G I ||A a <A> Q || x = 0. Consequently, A Q = 0, i.e. A = 


sup 


= \k\ sup 


Je/ 0 

aej 

X 

aeJ 


0. 2) Vk we have 

= NI|A|| AV 

X 


3) Let VA = {A a } Qg7 , // = {fi Q } aeI V K p . For VJ' G Jo we have 


^ ^ (Aq; + Pot)Pa 

< 

^ ^ Aq;C Pa 

+ 

^ ^ PolPcx. 

aeJ' 

X 

aeJ' 

X 

aeJ' 


x 
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< sup E Aa<£a + Slip Ha<Pa\\ = ||A || K + 


I aeJ \\x 


I aeJ \\x 


Hence 


l|A + n\\ Kifi < ||A || Kip + IIHIa^ • 


Let’s prove the completeness of the space K^. Let A n = { A ^ } , n € N, be 

L J a£l 

some fundamental sequence in K^, i.e. the following condition hold: 

Ve > 03n 0 (e)Vn,m > n 0 (e) ||A„ - A m || K = sup ^(A^ n) - A .^)ip a < e. 


From (2.1) it follows that 

VJG/o ^(AW-AM)^ a <e. (2.2) 

a£j x 

In particular, Va G I Xq 1> — xil"' 1 < „ L . Therefore, Va G I the sequence 

W^Oi\\x 

{Aq"' 1 1 is fundamental, and hence, it is convergent. Let X a = lim A^. 

I J nEN n—>oo 

Assume A n = ja G / : A ^ / o| and A = (J A n . Obviously, A G On the 

*• n=1 

OO 

other hand, from I\A = f) ( I\A n ) we obtain that I\A C {a G I : X a = 0}, i.e. 

n=l 

{a G I : X a / 0} C A. Therefore, {a G I : A a / 0) G Passing to the limit in 
(2.2) as m —>■ oo, we obtain 

Ve > 03n 0 (e)Vn > n 0 {e) ^(X^ - X a )(p a <£,V^g4 (2.3) 

a£j x 

Let {A ai } igA r be an arbitrary transposition of elements of the system A = {A Q } ag/ . 
Let’s show the convergence of the series X ai ip ai . Consider Ve > 0 and 

Vk,p G N. According to (2.3), Vn > no(e): 


E( 4 ? - 


k+p 

< |and ~ A «*)</?o 

i= 1 


Let n > no(e) be a fixed number. From the convergence of the series X^} <p ai 

we obtain that 3/co(e) VA: > ko(s) the inequality 

k k+p 

EV”V«,-EV”V« <\ (2A 

i= 1 i= 1 X 

holds. Then, in view of (2.4) and (2.5), we obtain 

k k+p 

A aityai ~ X ai <p ai < 
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+ 


< 


k+p 


Y X ° 


oti^Pai 
i —1 2 = 1 

k+p 


E A SW 


+ 


A 


E A £W-E A 1 


n) 




i =1 


i=l 


+ 


X 


k+p 


E A ° 

2=1 


i^Poii - Y >&<Poh 


2=1 


< e, 


x 


and therefore, the series ff+Li ^aiFm is convergent. Thus, the series Ylaei +Fa 
is unconditionally convergent. Further, by virtue of (2.3) we have 


Ve > 03n 0 (e)Vn > n 0 {s) ||A n - X\\ K = sup 


Jei 0 


Y,(W-+)vc 


a£j 


< e, 


x 


i.e. X n converge in the space K v to the element A. Therefore, the space K v is 
complete. Consider the operator F : K^ -+ X defined by the formula F A = x, 
A = {A 0 ,} Qg/ , where x = Jfaei X °Fa- F is a linear bounded operator. In fact, 
the linearity of F is obvious, and its boundedness follows from the relation 


\\FM\x = 


< sup 



aEl 

x Je/ ° 

aeJ 


AV 


X 


Further, as the operator F maps K v one-to-one onto X , the Banach theorem 
implies that the operator F _1 is bounded. 

Now let’s prove the minimality of the system {</? Q } ag j. Define the functional 
Fa( x ) = A a , Va G I , where A = F _1 x. It is easily seen that such a functional is 
linear. Let’s show it is bounded. We have 


I „* I \ l l|Aa^a||x ^ 

\F a {x)\ = |Aa| = —---- < 


1 


\\<P. 


a\\X 


i.e. 


K lp - 


’all < 


7 ]-n— sup 

Wa\\x Jelo 

It- 1 !! „ „ 


Y +Ffi 

peJ 


X 


x 


WFoiWx 

F-Ml 


x > 


J ot\\x 


On the other hand, <fa{<pp) = & a pi where 5 a p is the Kronecker symbol. Thus, the 
systems { (p a } ae i and {Fa} a ei are biorthogonal. 

Finally, Vx G X and VJ' G Iq w e have 


Y < Pai. x ) ( Pa 

< sup 


a£j' 

Jeio 

X 

aeJ 


= Wf-'xW < IlF- 1 ! 


X 


x > 


i.e. the condition 3) holds. 

Sufficiency. Let the conditions 1) - 3) hold. Consider Vx G X. The complete¬ 
ness of the system {<p a } a£l in X implies 

Ve > 03y G L({tp a } aeI ) : \\x - y\\ x < e. 


Vn G N3y n G L({p a } aeI ) : |x - y n \\ x < 


Then 


(2.6) 
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Let 


Jn ^ Iq ■ Un 


''y " ^aPa 

&£Jn 


X V*a(yn)<Pa■ 

OlGJn 


oo 


Denote oj = U J n . Obviously, oj € 

n= 1 

Take arbitrary e > 0. Let no £ N: — 


< e. For VJ C oj: J no C J we have 


Vn 0 = X V*a(yn)<Pa = X ¥>a(j/no)¥>o 


OL^zJn 


aej 


(2.7) 


Then, using (2.6), (2.7) and the condition 3), VJ C oj : J no C J we obtain 


^2T*a( x )Ta 

= 

X-y n o + Vno - X VaWVa 

aeJ 


a£j 


< Ik-Jnollx + 


Thus 


X] - Vn 0 )^o 

a£j 


< \\x - yn 0 \\x + M \\ x - ynJx = 


X 


— (1 + M) \\x — y no \\ x < (1 + M)s. 


Ve > 03 J 0 C uA/J C oj : J 0 C J 


a&J 


< e, 

X 


and therefore, due to the criterion for unconditional convergence of series, the 
series ^2 a&u} p>* a {x)ip a converges unconditionally to x E X. Obviously, due to the 
minimality of the system {<y? Q } agtJ , this representation is unique, i.e. the system 
forms an uncountable unconditional basis for X. □ 


Corollary 2.1. Let {p a } a£ j be an uncountable unconditional basis in X and 
Wa}aei be a system biorthogonal to {</?a}„ e /- Then {fa} ae j forms an uncount¬ 
able unconditional basis for L ({<P%} ae j) ■ 


Proof. It suffices to prove the validity of the condition 3) of Theorem 2.1. For 
V/ e X* we have 


X f^Pa)Va 

— 

sup 

J2fMvU x ) 

= sup 

/(X^(*)^) 

a£j 

X* 

lla?ll=l 

a£j 

11*11=! 

a£j 


<M\\f\\ x 


□ 


3. Jl-Bessel and Jl-Hilbert Systems 

Let X be a nonseparable Banach space, I be some uncountable index set, 
and I a be a set of no-more-than countable subsets of I. Consider the minimal 
system {x a } aeI C X with the biorthogonal system {x*} ag/ C X*. Let K 
be a nonseparable Banach space of systems of scalars A = {A a } ag7 such that 
{a G I : A q / 0} € 
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The space K is called a CB-space if the system {5 a } ae j C K, 5 a = {<5 a( g}^ g/ 
forms an uncountable unconditional basis for K, i.e. VA = {Ao,} Qg/ E K the 
relation 

OO 

A — ^ ) X a 5 a — ^ ) A cti&cei 

a£l i= 1 

holds, where {X ai } ieN is a sequence of arbitrary permutations of non-zero ele¬ 
ments A = {A Q } ag/ . Let {5*} Qg/ C K* be a system biorthogonal to {d Q } ae /- 
The next definition is a generalization of the concept of Bessel sequence. 


Definition 3.1. The pair {x Q \x* a } is called K-Bessel if the condition {x* a (x)} Q&I € 
K , Mx E X, holds. If the system {x a } aeI is complete in X and the pair {x a \x * a } 
is K-Bessel in X, then {x a } ae j is called K-Bessel in X. 


Example 3.1. Let e a (t) = e iat , t E R. Assume V = span {e a } a€R . It is 


_ p iat 

clear that Vx E V 3M X : \x(t)\ < M x . Therefore \/p E [l;+oo) there exists 

lim f T rr \x(t)\ p dt. Let’s show that 
T->oo 21 J ~ 1 


1 


x\L = J im / \x(t)\ p dt 


" p tX™\ 2TJ_ t ' 

is a norm in V. Obviously, ||x|| p > 0. Let ||x|| p = 0 and x = ^2 k Cke iakt . For 
Vp E [1; Too) , from 


1 


— \x(t)\ dt= / (2 T) p\x(t)\(2T) o |x(t)| dt < M x — \x(t)\ p dt 


2 T j_ T 
we obtain 


I—T 


1 


2 T 


—T 


1 


1 


However 


lim at / \x(t)\ z dt < M x lim I / \x{t)\ p dt 

T —^oo 21 J —T T—> oo Y zi J —T 




= 0. 


hence, x = 0. Further, VA we have 


1 


" p T—foo \2T 
At last, by Minkowski inequality, 


x \\v = i im ( TP / \Xx(t)\ p dt) =|A| W P . 

—T 


1 


^ j T \ x (t) + y(t)\ p dt) <( — 


1 


\x{t)\ p dt) T(^ 


\x(t)\ p dt 


-T 


2T J _ T 

Passing to the upper limit as T E Too we obtain ||xTy|| p < ||x|| T ||y|| p . 
Consequently, ||-|| is a norm in the linear space V. Denote the obtained normed 
space by V p . Define a scalar product in the space V 2 as follows: 

cT 


(x, y) v = lim -J- [ x(t)y{t)dt. 
T^OO 21 J _rp 
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The system {e a } aeR is orthonormal in Vi- Denote by L p ( R ), 1 < p < +oo, the 
completion of the space V p . Using Holder inequality, it is not difficult to show 
that Lp ( R ) C L\ (R) for p > 2 and L\ (R) C L p (R) for p <2. The space Lp (R) 
is non-separable. To show this, it obviously suffices to show the non-separability 
of the space V p . 

Note that if there exist an uncountable set M and a number £o > 0 in the metric 
space (E, p) such that for any two different x, y £ M the inequality p(x, y ) > £o 
holds, then (E, p) is non-separable. In fact, let (E, p) be separable and {e n } n£N 
be dense in (E,p). Consider a countable system of balls S n = S(e n , y). Then, 
in some ball S n there exist more than one point of M. Let x, y £ M ff S n . Then 

£o < p(x, y) < p(x, e n ) + p(y, e n ) < y + y = 

But this is a contradiction. So (E, p) is non-separable. 

Let’s first establish the non-separability of the space V\. Let M = {e Q } aefi . 
Let’s estimate the number \\e a — ep\\ l for different Ve Q , ep € M. As the system 
{e a } a&R is orthonormal, we have \\e a — ep\\ 2 2 = ||e Q ||2 + \\ep\\\ = 2. Therefore, 

2 = l|e« - e„||2 = TEtL |e“ - dt < 

_i r T 

< lim — / e iat - e ipt (\e iat \ + e i/3t )dt = 

~ T-s>oc2T m 1 ’ 

_ i rT 

= 2 lim — / e iat - e 1 ^ dt = 2 ||e Q - e g L , 

t^oo2T J_ t " / ^" i ’ 

i.e. \\e a — > 1. Consequently, Vi is non-separable. Now let’s consider 

the space V p for p > 1. Assume the contrary, i.e. assume that V p is separable 
and M is a countable set everywhere dense in V p . Then \/x 6 V 3x n £ M: 
lim ||x — x n \\ =0. As Mx £ V 

_i r T _ ( i 

MacII n = lim —- / \x(t)\dt< lim —- 
" 111 T->oo2T J_ t ' Wl — T^oo \2T 

we obtain lim ||.x — x n \\i =0. Consequently, M is a countable set everywhere 

n—>oo 

dense in Vf, which contradicts the non-separability of V\. So the space V p is 
non-separable. 

Define a functional in V p by the following equality: 

e* a (x) = r lii^ ^ f x{t)e~ iat dt. 

The linearity of e* is obvious. We have 

■T 

\x(t)\ p dt. 

-T 


< lim —— 
t^oo2T 


\x{t)\dt<\im — 




i.e. e* £ (V p )*. Extending e* by continuity onto L p (R), we obtain e* £ 
(Lp(R))*. It is clear that e* (e^) = 8 a p, i.e. the systems {e a } a&R and { e a}a£R 
are biorthogonal. 
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Let p > 2 and Vx G Lj (/?,). As x G (i?), it follows from Bessel’s inequality that 
there are no more than a countable number of Fourier coefficients e* (x) = (x, e a )y 
that are different from zero and {e*(x )} a£R G h{R)- Further, from I 2 (R) C £ p (i?) 
we obtain {e*(x)} agi? G l p (R). Consequently, for p > 2 the system {eo,} Qgi j is 
/p(i?)-Besselian in L^{R). 

The following theorem is true: 

Theorem 3.1. Let K be a CB-space with an uncountable unconditional basis 
{<5«} Qg /- Then, in order for the pair {x a ;x*} to be K-Bessel in X, it is neces¬ 
sary and, in case of completeness of {x a } aeI in X, sufficient that there exist an 
operator T G L(X , K ) such that Tx a = S a , Va G I. 

Proof. Necessity. Let {x Q ;x*} be JC-Bessel in X. Then Vx G X {x*(x)} Qg/ £ AT. 
Consider the operator T : X —> K defined by the formula 

T(x) = £x*(x),5 a . (3.1) 

ce£l 

It is clear that the equality Tx a = S a , Vo G I, holds. Define for every co G I a the 
operator 

T u (x) = Y2 x* a {x)5 a . 

We have T u G L(X,K) (see [5], [34]). Take an arbitrary Vx G X. Write elements 
of the set I x = {a : x* (x) f 0} in the form of the sequence { a n } neN ■ Put wflL = 
{a n J te jv for all UJ G I a . Then 

OO 

T U X ) =J2 X *C‘n k ( X ) S »n k 
k =1 

So 

OO ^ / OO OO \ 

J2 x *a„ k ( x ) S *n k = 2 ( + J2^nX* an {x)6 n I , 

k =1 \n=l n= 1 / 

where e n = 1 for n = nk and £ n = -1 for n / nj,. Vx G X we obtain 
that ||7L(x)|| a - < M x < + 00 . Then, by Banach-Steinhaus theorem, we have 

sup ||T W || < + 00 . As the boundedness of T is equivalent to the condition 

uei a 

sup ||T W || < + 00 , the operator T is bounded. 

L JG/ a 

Sufficiency. Let the system {x Q } ag/ be complete in X and there exist T G 
L(X, K ) such that Tx a = S a , Va G I. Consider Vx G X. From Tx G K it follows 
that {e>* (Tx)} a£l G K. We have 

S a p = S* a {8p) = 6* a (T X p ) = T*5* a (xp),Va,l3e I. 

Hence, due to the completeness of {x Q } ag/ , we obtain 

d Q = x a . 

Thus, taking into account (3.2), we obtain {x*(x)} Qg/ = {<5*(Tx)} G K. 


(3.2) 

□ 
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Corollary 3.1. Let Y be a Banach space with an uncountable unconditional 
basis {^oJcg/ and Kf, be a space generated by the system {f a } a£ i- Then, in 
order for the pair {x Q ;x*} to be K v -Bessel in X, it is necessary and, in case of 
completeness of{x a } a£ j in X, sufficient that there exist an operator T £ L(X,Y) 
such that Tx a = <p a , Vo £ I. 

Corollary 3.2. Let the system {x a } oeI be complete in X and K be a CB- 
space with an uncountable unconditional basis {S a } aeI . The system {x a } a&1 is 
K-Bessel in X only when there exists a number M > 0 such that 

||{Aa,}|| x <M XgXg (3.3) 

a X 

for every finite set of scalars {A a }. 

Proof. Let {x a } a&1 be A'-Bessel in X. Then, by Theorem 3.1, there exists a 
bounded operator T £ L(X,K) defined by the formula (3.1). Let {A a } be an 
arbitrary finite set of scalars. Let x = Yla A q t q . Then Tx = A Q e> Q and 

11 { Aa} 11 x = WTx\\ k < ||T|| ||x|| x = ||T|| A a x a 

a x 

□ 

On the contrary, let there exist a number M > 0 such that the inequality (3.3) 
holds for every finite set of scalars {A a }. Consider arbitrary A = {A Q } Qg/ £ K. 
Define the operator T : L ({x Q } agJ ) -A K by the formula 



Due to the minimality of the system {x a } aeI , such an operator is defined cor¬ 
rectly. By (3.3), the operator T is bounded. Continuing the operator T contin¬ 
uously to the whole X , we obtain the boundedness of T. As Tx a = 5 a , Va £ I, 
by Theorem 3.1, the system {x a } aeI is K- Bessel in X. Besselianness 

Remark 3.1. Note that for p > 2 l p (R)- Besselianness of systems e a {t) = e lOLt in 
L'f ( R ) immediately implies of Corollary 3.1. Indeed, for every finite set of scalars 
{A q } we have 

ll{Aa}|lz p (.R) 5; l|{Aa}||/ 2 (R) = A a e a < y> a e a 

« 2 a p 

The next definition is a generalization of the concept of Hilbert sequence. 

Definition 3.2. The pair { x a ; x * a } is called K-Hilbert in X if the following condi¬ 
tion holds: VA = {A Q } ag/ £ K 3x £ X: A = {x* a (x)} a&1 . If the system {x Q ,} Q , g/ 
is complete in X and the pair {x Q ; x * a } is K-Hilbert in X, then {x a } a£l is called 
K-Hilbert in X. 

Example 3.2. The system {e a } aeR is / p (/?)-Hilbertian in L^ (R) for p < 2. 
Indeed, consider VA = {A Q } Qgi? £ l p (R). Then A £ lz(R). As {e Q } Qg u is an or¬ 
thonormal system in L\(R), there exists x £ L\ ( R) such that e* (x) = (x, e a )v = 
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A q . From L^(i?) C Lp (R) we obtain that x £ Lp (R). Hence, {e a } a&R is l p (R)- 
Hilbertian in Lp ( R ) for p < 2. 

The following theorem is true: 

Theorem 3.2. Let AT be a CB-space with an uncountable unconditional basis 
{<5a} Qe /- Then, in order for the pair {x a ] x * Q } to be K-Hilbert in X, it is sufficient 
and, in case of completeness of {x*} ag7 in X*, necessary that there exist an 
operator T £ L(K , X) such that T5 a = x a , Va 6 I. 

Proof. Necessity. Let {x Q ;x*} be A'-Hilbert in X and the system {x* Q } aeI be 
complete in X*. Then VA = {A a } Qg/ £ K 3x £ X such that A = {x*(x)} ag/ . 
Due to the completeness of {x*} ag/ in X* , such an element is unique. Consider 
the operator T : K -A X defined by the formula TX = x. Obviously, T5 a = x a , 
Va £ I. It remains to show the boundedness of T. To this end, let’s first 

prove its closedness. Let the sequence \ n = \ A^ } £ K converge in K to 

l J a£l 

A = {A a } ag/ £ K as n -A oo, the sequence T\ n = x n converge in X to y £ X 
as n —> oo, and TX = x. It is clear that x* a {x n ) converges to x* a {y) as n —> oo. 
Va £ I we have 

Ai n) -A a | = |<£(A n -A)| < ||5*|| ||An — A|| a - -a 0,n —> oo. 

As A<r j = x* a (x n ) and A Q = x* a (x), we have x* a (x) = x* a {y). Hence, due to the 
completeness of {x* a } aeI , we obtain x = y. Consequently, T\ n converges in X to 
TA as n —> oo, i.e. the operator T is closed. Then, by the closed graph theorem, 
T is bounded. 

Sufficiency. Let there exist an operator T £ L(K,X) such that T5 a = x a , 
Va £ I. Consider arbitrary A = {A a } Qg/ £ K. Let TX = x. From A = Ylaei 
we obtain 

x — T A — ' \ a TS a — y ^ \ a x a . 

a£l a£l 

Therefore, x* a (x) = A a , i.e. A = {x* (a;)} agJ . □ 

Corollary 3.3. Let Y be a Banach space with an uncountable unconditional 
basis {<Pa} a( zi and K v be a space generated by the system {<p a } a£ i- Then, in 
order for the pair {xq,;x*} to be K. p -Hilbert in X, it is sufficient and, in case 
of completeness of {®*} Qg/ in X*, necessary that there exist an operator T £ 
L(Y,X) such that T(p a = x a , Va £ I. 

Corollary 3.4. Let the system {x a } a£l be complete in X, the system {x*} Qg/ 
be complete in X*, and K be a CB-space with an uncountable unconditional basis 
{<5a} Qg /- The system {x a } a£l is K-Hilbert in X only when these exists a number 
M > 0 such that 

^A a x Q <M\\{\ a }\\ K (3.4) 

a x 

for every finite set of scalars {A a }. 

Proof. Let {x a } aeI be A"-Hilbert in X. By Theorem 3.2, there exists a bounded 
operator T £ L(K,X ) such that TS a = x a , Va £ I. Then, for every finite set 
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{A q } we have 

T {A Q } = T(Y^ \ a 5 a ) = Y X »x a . 

a a 

Hence 

= ||T{A a }||<||T||||{A a }|^. 
x 

On the contrary, let the relation (3.4) hold for every finite set {A Q }. Define the 
operator T for finite systems {A a } by the formula T {A a } = ]C Q A a x„. From the 
inequality (3.4) it follows that this operator is bounded. Continuing it continu¬ 
ously to the whole K, we obtain the operator T E L(K, X ). As T5 a = x a ,\/a E I, 
from Theorem 3.2 it follows that the system {x a } ae j is /i-Hilbert in X. □ 

Remark 3.2. Note that for p < 2 l p (R)~ Hilbertianness of systems e a {t) = e iat in 
L p (R) immediately implies of Corollary 3.2. Indeed, for every finite set of scalars 
{A q } we have 



\ ^ 


< 


^' 


ll{^a}llz 2 (R) — ll{^“}llz p (K) • 
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